Introduction
Given a simple graph G with the vertex set V (G) = {x 1 , . . . , x n } and the edge set E(G), we can associate to G the square-free monomial ideal I(G) in polynomial ring R = k[x 1 , . . . , x n ], which is generated by x i x j such that {x i , x j } ∈ E(G). Recently, one of the most important research topics is to establish a dictionary between algebraic properties of I(G), most notably, the projective dimension and the Castelnuovo-Mumford In [11] , Zheng explained the regularity and projective dimension of tree graphs. He proved that if G is a tree, then reg(R/I(G)) = c G , where c G is the maximum number of pairwise 3-disjoint edges in G . In [2] , Hà and Van Tuyl extended it to chordal graphs. In [4] , Kimura described the projective dimension of chordal * Correspondence: frahmati@aut.ac.ir 2010 AMS Mathematics Subject Classification: 11G50, 13D02
pd(I(G) ∨ ) ≤ max{pd(I(G
′ ) ∨ ), pd(I(G ′′ ) ∨ ) + 1} ;
reg(I(G) ∨ ) ≤ max{reg(I(G
The big height of I(G), denoted by bightI (G) , is the maximum size of a minimal vertex cover of G .
Lemma 2.3
For any graph G , the following relations are satisfied:
1. (See [2, Theorem 6.5] .) c G ≤ reg(R/I(G)).
(See [7, Corollary 3.33].) bightI(G) ≤ pd(R/I(G)) .
Let G be a finite simple graph with the vertex set V (G) and the edge set E(G 
Any two vertices belonging to R(B) are not adjacent in G .
In the sequel by G 1 ⊔ G 2 we mean G 1 intersects G 2 only at one of its endpoints and by θ n1,...,n k \ L ni we mean the graph obtained from θ n1,...,n k by removing all vertices and edges of L ni except its endpoints.
Throughout this paper, we assume that x and y are the common vertices. 
[6, Theorem 2.6], we obtain that
By [6, Theorem 2.5], we get 
By [6, Theorem 2.6], we get
Hence, it follows that pd(G) ≤ max{2
and B 2 = {B 2 , B 3 , . . . , B j } are the semistrongly disjoint set of bouquets of the lines
Hence there exist t 1 bouquets with two flowers and one root in L 3t1+2−2 , t i − 1 bouquets with two flowers and one root, and one bouquet with one flower and one root in L 3ti+2−3 for any 2
and we conclude the desired equality. 2
, we obtain that
Using [6, Theorem 2.5] we get
Using similar arguments of the proof of Theorem 2.6, we derive 2 
Using [6, Theorem 2.6], we obtain that
Therefore,
A similar argument as Theorem 2.7 shows that 2
Proof We have
By [6, Theorem 2.7] , we obtain that
Moreover, by [6, Theorem 2.7] we get
Therefore, we have
A similar argument of the proof of Theorem 2.7 shows that 2
, which yields the asserted equality.
2
Using [6, Corollary 2.8], we derive
On the other hand, we can see that
. . , B l } is a semistrongly disjoint set of bouquets of G . Consider the following cases:
. We may find the maximum cardinality of F (B) in the disjoint lines 
Case ( 
ii Therefore, we obtain that
Case (3): x ∈ R(B) and y ∈ F (B). Assume that x lies in a bouquet with k 3 flowers and one root and y lies in a bouquet with two flowers and one root of L 3s1 ; then we have 3s 1 − 5 = 3(s 1 − 2) + 1 and
Hence, there exist s 1 − 2 bouquets with two flowers and one root in L 3s1−5 and s i − 1 bouquets with two flowers and one root in L 3si−3 for 2 ≤ i ≤ k 3 . Thus we get 
Case (5): x, y ∈ R(B).
Assume that x and y lie in the bouquets with k 3 flowers and a root. Since 3s i − 4 = 3(s i − 2) + 2, then there exist s i − 2 bouquets with two flowers and one root and one bouquet with one flower and one root in
One can easily check that in any of the above cases by our choice of other bouquets we have at most the given amount of flowers. Since we want to find the maximum number of flowers of a semistrongly disjoint set of bouquets of G , then by choosing any vertex z we try to consider the bouquets with the maximum number of flowers containing z . Note that the described cases above are satisfied if we interchange x and y . It follows that the maximum value for F (B) is equal to 2
and for k 1 ≥ 2 , the following relation is satisfied:
and
By [6, Theorem 2.6], we get that
Moreover, by [6, Theorem 2.7], we have
In order to prove bightI(G) = pd(G) , we use similar arguments of the proof of Theorem 2.6; then we derive 2
, which yields the asserted equality. To complete the proof, it remains to prove bightI( 
Theorem 2.14 Let G be the graph θ n1,...,n k . Unless in two cases n i ≡ 0 (mod 3) for any 1 ≤ i ≤ k or there exists exactly one n j such that n j ≡ 1 (mod 3) and for any
Moreover, R/I(G) is Cohen-Macaulay if and only if G is unmixed.
Proof 
Regularity
The aim of this section is to study the regularity of the graph θ n1,...,n k and investigate the equality in Lemma 
Proof Assume that the edges of L 3ri+1 are labeled by e
, where e 
To complete the proof, it suffices to detect an appropriate upper bound for reg(G ′ ) and reg(G ′′ ).
We have
Proof Suppose that the edges of L 3si are labeled by e 
3ti+1 , where e 
1 , e
4 , . . . , e
3 , e
6 , . . . , e , e
To complete the proof, we need to achieve an upper bound for reg(G ′ ) and reg(G ′′ ). Using Lemma 2.2, one has
where
. . . , L 3(t k 2 −1)+2 . Hence, we obtain that
It follows that
Again, using Lemma 2.2, we have reg(
Then we obtain reg(
Proof Suppose that the edges of L 3ri+1 are labeled by e
2 , e
5 , . . . ,e
5 , . . . , e
3r2−4 , e 
In order to use 
Lemma 2.2 for reg(G ′ ) and reg(G ′′ ), we have to compute reg(G
, then again using Lemma 2.2,
On the other hand, the set {e (1) 3 , e 
To prove the fact, consider the strongly disjoint set B = {B 1 , . . . , B l } of bouquets in G ′′ . Any of the following cases may happen:
. In this situation, the set {e (1) 3 , e 
Case (3): y ∈ R(B)
. In this case, the set 
It is easily checked that the considered sets have the maximum cardinality of a pairwise 3-disjoint set in G ′′ .
Altogether and by [11, Theorem 2.18 
Proof Suppose that the edges of G are labeled by e
It is easily seen that the set {e
2 , e 
This yields that reg(G
= y . It suffices to find an appropriate upper bound for reg(G ′ ) and reg(G ′′ ) , where
Both facts and Lemma 2.2 imply reg(G)
On the other hand, we can see that β 2 
3t1−5 , e
3t1 , e
6 , . . . , e , . . . , e
ii. If the bouquets containing x and y are in different lines, as L 3t1+2 and L 3t2+2 , then one has t i bouquets with two flowers and one root in L 3ti+2 for 1 ≤ i ≤ k 2 . It is seen that the set {e
6 , . . . , e (2) 3t2 , . . . , e 1 , e (1) 4 , . . . , e (1) 3t1−2 , e (2) 3 , e (2) 6 , . . . , e (2) 3t2 . . . , e 1 , e (1) 4 , . . . , e (1) 3t1−2 , e (1) 3t1+1 , e (2) 3 , e (2) 6 , . . . , e (2) 3t2−3 , . . . , e It is easily seen that the considered sets have the maximum cardinality of a pairwise 3-disjoint set in G . Note that the above described cases are satisfied if we interchange x and y . Furthermore, one can check that the number of flowers of bouquets containing x or y as discussed above has no effect on the value of c G .
Altogether, one has c G = ∑ k2 i=1 t i and so the result holds. 2
According to 1 − k 1 ≤ 0 and using Lemma 2.2, one concludes that
Applying the same argument,
Altogether, we conclude that
Now we want to clarify c
Consider the strongly disjoint set B = {B 1 , . . . , B l } of bouquets in G . Any of the following situations may happen:
. Then there exist r 1 − 1 bouquets with two flowers and one root and one bouquet with one flower and one root in L 3r1+1 and s i − 1 bouquets with two flowers and one root in L 3si for 1 ≤ i ≤ k 3 . The set {e (1) 2 , e (1) 5 , . . . , e (1) 3r1−1 , e (2) 3 , e (2) 6 , . . . , e (2) 3s1−3 , . . . , e 
3r1−4 , e
3s1−1 , e
3r1−2 , e
4 , e
7 , . . . , e
3s1−2 , e
6 , . . . ,e 
3r1−1 , e
5 , . . . , e (2) 3s1−4 , e
3s2−2 , e
2 , e is pairwise 3-disjoint in G .
Case (3) : x ∈ R(B) and y / ∈ R(B) ∪ R(B).
Suppose that x is the root of a bouquet with k 3 + 1 flowers. Then there exist r 1 − 1 bouquets with two flowers and one root in L 3r1+1−3 and s i − 1 bouquets with two Thus, we can use the same argument as in the demonstration of the previous theorem and derive 
